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The hypothesis that the Universe underwent a period of exponential expansion 
at very early times has become the most popular theory of the early Universe. 
Not only does it solve some of the problems of standard big bang cosmology, but 
it also provides a causal theory for the origin of primordial density fluctuations 
which may explain the observed density inhomogcneities and cosmic microwave 
fluctuations in the Universe. In these lectures, a review of the basic principles of 
inflationary cosmology is given, focusing on the theory of the origin and growth 
of cosmological perturbations. The lectures also focus on some recent progress 
in inflationary cosmology (in particular on an improved theory of reheating), and 
on several problems with the present inflationary Universe models. A couple of 
possible approaches to resolve these issues are suggested. 
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1 The Inflationary Universe Scenario 

1.1 Standard Cosmology: Pillars, Tests and Problems 

The standard big bang cosmology rests on three theoretical pillars: the cos- 
mological principle, Einstein's general theory of relativity and a perfect fluid 
description of matter. 

The cosmological principle states that on large distance scales the Universe 
is homogeneous and isotropic. This implies that space-time is described by a 
Robertson- Walker metric (see e.g. a). The dynamics of an expanding Universe 
is then given by the Friedmann-Robertston- Walker (FRW) equations 
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where p is the energy density and p is the pressure. The third key assumption 
of standard cosmology is that matter is described by an ideal gas with an 
equation of state 



The three classic observational pillars of standard cosmology are Hubble's 
law, the existence and black body nature of the nearly isotropic CMB, and the 
abundances of light elements (nucleosynthesis). These successes are discussed 
in detail in many textbooks on cosmology (see e.g. u), and will therefore not 
be reviewed here. 

Since the energy density in radiation rcdshifts faster than the matter en- 
ergy density, it follows by working backwards in time from the present data 
that although the energy density of the Universe is now mostly in cold mat- 
ter, it was initially dominated by radiation. The transition occurred at a time 
denoted by teq, the "time of equal matter and radiation". As will be dis- 
cussed in Section 2, t^q is the time when perturbations can start to grow by 
gravitational clustering. The second important time is tree, the "time of re- 
combination" when photons fell out of equilibrium. For the usual values of the 
cosmological parameters, t(,q < tree- 
Standard Big Bang cosmology is faced with several important problems. 
Only one of these, the age problem, is a potential conflict with observations. 
The others which I will focus on-here - the homogeneity, flatness and formation 
of structure problems (see e.g. El) - are questions which have no answer within 
the theory and are therefore the main motivation for the inflationary Universe 
scenario. Because of lack of space, the discussion of the problems of standard 
cosmology and of their solution in the context of inflation is very brief. For an 
extended discussion (with useful figures) see e.g. 0. 

The horizon problem is the fact that in standard cosmology the comoving 
region £p{tree) over which the CMB is observed to be homogeneous (to better 
than one part in 10"*) is much larger than the comoving forward light cone 
£f{tree) at tree, which is the maximal distance over which microphysical forces 
could have caused the homogeneity: 
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From the above equations it is obvious that £p{trec) S> £f{trec)- Hence, stan- 
dard cosmology cannot explain the observed isotropy of the CMB. 

In standard cosmology and in an expanding Universe, SI = 1 is an unstable 
fixed point. From the FRW equations it follows that 

— (6) 
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where pc is the energy density of a spatially flat Universe and 
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(k — ±1,0 is the spatial curvature constant). In standard cosmology, e is 
constant. Thus, as the temperature decreases, SI — 1 increases. In fact, in order 
to explain the present small value of SI — 1 ~ 0(1), the initial energy density 
had to be extremely close to critical density. This is the flatness problem of 
standard cosmology. 

The third of the classic problems of standard cosmological model is the 
"formation of structure problem." Observations indicate that galaxies and even 
clusters ofpgalaxies have nonrandom correlations on scales larger than 50 Mpc 
(see e.g. O'EI). This scale is comparable to the comoving horizon at teq- Thus, 
if the initial density perturbations were produced much before igg, the correla- 
tions cannot be explained by a causal mechanism. Gravity alone is, in general, 
too weak to build up correlations on the scale of clusters after t^q- Hence, 
the two questions of what generates the primordial density perturbations and 
what causes the observed correlations, do not have an answer in the context 
of standard cosmology. 



1.2 Inflation as a Solution 

idea of inflationi is very simple (for some early reviews of inflation see e.g. 
u). We assume there is a time interval beginning at ti and ending at t^ 
(the "reheating time") during which the Universe is exponentially expanding, 
i.e., 

a{t)^e"\ te[t,,tR] (8) 

with constant Hubble expansion parameter H. Such a period is called "de 
Sitter" or "inflationary." The success of Big Bang nucleosynthesis requires 
that reheating occur before nucleosynthesis. 

There are several phases of an inflationary Universe. Before the onset of 
inflation there are no constraints on the state of the Universe. In some models 
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a classical space-time emerges immediately in an inflationary state, in others 
there is an initial radiation dominated FRW period. After the inflationary 
phase which ends at tn, the Universe is very hot and dense, and the subsequent 
evolution is as in standard cosmology. During the inflationary phase, the 
number density of any particles initially in thermal equilibrium a,tt = ti decays 
exponentially. Hence, the matter temperature Tm{t) also decays exponentially. 
At i = tp, all of the energy which is responsible for inflation (see later) is 
released as thermal energy. This is a nonadiabatic process during which the 
entropy increases by a large factor. 

It is quite evident how a period of inflation can solve the homogeneity prob- 
lem. iSi — tn — ti is the period of inflation. During inflation, the forward light 
cone increases exponentially compared to a model without inflation, whereas 
the past light cone is not affected for t > tji. Hence, provided At is sufficiently 
large, if{tR) will be greater than £p{tR). 

Inflation also can solve the flatness problem Ej^B. The key point is that 
the entropy density s is no longer constant. As will be explained later, the 
temperatures at U and ta are essentially equal. Hence, the entropy increases 
during inflation by a factor exp{3HAt). Thus, e decreases by a factor of 
exp(— 27JAt). Hence, {p — Pc)/p can be of order 1 both at ti and at the 
present time. In fact, if inflation occurs at all, then rather generically, the 
theory predicts that at the present time f2 = 1 to a high accuracy (now < 1 
requires special initial conditions or rather special models Eil). 

Most importantly, inflation provides a mechanism which in a causal way 
generates the primordial perturbations required for galaxies, clusters and even 
larger objects. In inflationary Universe models, the Hubble radius ("apparent" 
horizon), H^^ is much smaller than the particle horizon (the forward light 
cone). Provided that the duration of inflation is sufficiently long, then all 
scales within the present Hubble radius were inside the particle horizon at 
the beginning of inflation. Thus, it is iiL-pjinrdfile possible to have a casual 
generation mechanism for perturbations ll2Hl3'tilO. 

The generation of perturbations is supposed to be due to a causal mi- 
crophysical process. Such processes can only act coherently on length scales 
smaller than the Hubble radius H~^{t). This can be seen, for example, by con- 
sidering the wave equation for a scalar field and observing that on scales larger 
than the Hubble radius, the Hubble damping term dominates the dynamics. 

As will be discussed in Section 3, the density perturbations produced dur- 
ing inflation are due to quantum fluctuations in the matter and gravitational 
fields Ejo. The amplitude of these inhomogeneities corresponds to the Hawk- 
ing temperature Th ~ -ff of the de Sitter phase. This implies that at all times t 
during inflation, perturbations with a fixed physical wavelength ~ will be 
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produced. Subsequently, the length of the waves is stretched with the expan- 
sion of space, and soon becomes larger than the Hubble radius. The phases of 
the inhomogeneities are random. Thus, the inflationary Universe scenario pre- 
dicts perturbations on all scales ranging from the comoving Hubble radius at 
the beginning of inflation to the corresponding quantity at the time of reheat- 
ing. In particular, provided that inflation lasts sufficiently long, perturbations 
on scales of galaxies and beyond will be generated. 



1.3 Models of Inflation 

Obviously, the key question is how to obtain inflation. From the FRW equa- 
tions, it follows that in order to get exponential increase of the scale factor, 
the equation of state of matter must be 

P^~P (9) 

This is where the connection with particle physics comes in. The energy density 
and pressure of a scalar quantum field ip are given by 

= \^^ + \{^V? + V{^) (10) 

p{^) = 1(^^)2 _^(^)^ (11) 

Thus, provided that at some initial time ti 

Hx,U) ^Vip{x,U) ^0 (12) 

and 

V{cp{x^,U))>0, (13) 

the equation of state of matter will be (^ . 

The next question is how to realize the required initial conditions (^2|) and 
to maintain the key constraints 

^2 « Vi^) , {Vipf « Viv) (14) 

for sufficiently long. Various ways of realizing these conditions were put for- 
ward, and they gave rise to different models of inflation. I will focus on "old 
inflation," "new inflation"" and "chaotic inflation." 

Old Inflation j-. j— , 

The old inflationary Universe model &t3 is based on a scalar field theory 
which undergoes a first order phase transition. As a toy model, consider a 
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scalar field theory with a potential V{(p) which has a metastable "false" vacuum 
at = 0, whereas the^lowest energy state (the "true" vacuum) is (p = a. Finite 
temperature effects tZI lead to extra terms in the finite temperature effective 
potential which are proportional to ip^T'^. Thus, at high temperatures, the 
energetically preferred state is the false vacuum state. Note that this is only 
true if (f is in thermal equilibrium with the other fields in the system. 

For fairly general initial conditions, (p{x) is trapped in the metastable state 
= as the Universe cools below the critical temperature Tc- As the Universe 
expands further, all contributions to the energy- momentum tensor T^i, except 
for the contribution 

T^i/ ~ V{(p)gf,^ (15) 

redshift. Hence, if V{a) = 0, then the equation of state in the false vacuum 
approaches p = —p, and inflation sets in. After a period F"""^, where F is the 
tunnelling rate, bubbles of = a begin to nucleatellj in a sea of false vacuum 
if = 0. Inflation lasts until the false vacuum decays. During inflation, the 
Hubble constant is given by 

i/^^^F(0). (16) 

Note that the condition V{a) = 0, which looks rather unnatural, is required 
to avoid a large cosmological constant today (none of the present inflationary 
Universe models manages to circumvent or solve the cosmological constant 
problem). 

It wasJmmediately realized that old inflation has a serious "graceful exit" 
problem Ho. The bubbles nucleate after inflation with radius r ^ 2tfi and 
would today be much smaller than our apparent horizon. Thus, unless bub- 
bles percolate, the model predicts extremely large inhomogeneities inside the 
Hubble radius, in contradiction with the observed isotropy of the microwave 
background radiation. 

For bubbles to percolate, a sufficiently large number must be produced so 
that they collide and homogenize over a scale larger than the present Hubble 
radius. However, with exponential expansion, the volume between bubbles 
expands exponentially whereas the volume inside bubbles expands only with 
a low power. This prevents percolation. 

New Inflation 

Because of the graceful exit problem, old inflation never was considered 
to be a viabLe-jCOsmological model. However, soon after thejSeminal paper by 
Guth, Linde E3 and independently Albrecht and Steinhardt Ell put forwards a 
modified scenario, the New Inflationary Universe. 
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The starting point is a scalar field theory with a double well potential 
which undergoes a second order phase transition. V{ip) is symmetric and 
(/? = is a local maximum of the zero temperature potential. Once again, it 
was argued that finite temperature effects confine (p{x) to values near (/? = at 
temperatures T > Tc- For T < Tc, thermal fluctuations trigger the instability 
of f{x) = and f{x) evolves towards either of the global minima at 95 = ±(T 
by the classical equation of motion 

ip + 3Hip~a-^ ip^-V\ip). (17) 

Within a fluctuation region, ip{x) will be homogeneous. In such a region, 
we can neglect the spatial gradient terms in Eq. (p7|). Then, from (^0|) and 
( pi] ) we can read off the induced equation of state. The condition for inflation 
is 

« Viip) , (18) 

i.e. slow rolling. Often, the "slow rolling" approximation is made to find 
solutions of ( p7|) . This consists of dropping the ip term. 

There is no graceful exit problem in the new inflationary Universe. Since 
the fluctuation domains are established before the onset of inflation, any bound- 
ary walls will be inflated outside the present Hubble radius. 

Let us, for the moment, return to the general features of the new inflation- 
ary Universe scenario. At the time tc of the phase transition, ip{t) will start to 
move from near ip = towards either ±cr as described by the classical equation 
of motion, i.e. (|l7|). At or soon after the energy- momentum tensor of the 
Universe will start to be dominated by V{ip), and inflation will commence. U 
shall denote the time of the onset of inflation. Eventually, (l){t) will reach large 
values for which nonlinear effects become important. The time at which this 
occurs is tg. For t > , fit) rapidly accelerates, reaches ±cr, overshoots and 
starts oscillating about the global minimum of V{(p). The amplitude of this 
oscillation is damped by the expansion of the Universe and (predominantly) 
by the coupling of ip to other fields. At time tn, the energy in p drops be- 
low the energy of the thermal bath of particles produced during the period of 
oscillation. 

In order to obtain inflation, the potential V{pi) must be very flat near the 
false vacuum at i^s = 0. This can only be the case if all of the coupling constants 
appearing in the potential are small. However, this implies that ip cannot be 
in thermal equilibrium at early times, which would be required to localize ip in 
the false vacuum. In the absence of thermal equilibrium, the initial conditions 
for ip are only constrained by requiring that the total energy density in p not 
exceed the total energy density of the Universe. Most of the phase space of 



7 



these initial conditions lies at values of \ip\ » a. This leads to the "chaotic" 
inflation scenario t3. 

Chaotic Inflation 

Consider a region in space where at the initial time (p{x) is very large, ho- 
mogeneous and static. In this case, the energy-momentum tensor will be imme- 
diately dominated by the large potential energy term and induce an equation of 
state p ~ —p which leads to inflation. Due to the large Hubble damping term 
in the scalar field equation of motion, ifi{x) will only roll very slowly towards 
if ~ 0. The kinetic energy contribution to T^j/ will remain small, the spatial 
gradient contribution will be exponentially suppressed due to the expansion 
of the Universe, and thus inflation persists. Note that in contrast to old and 
new inflation, no initial thermal bath is required. Note also that the precise 
form of V{(p) is irrelevant to the mechanism. In particular, V{ip) need not be 
a double well potential. This is a significant advantage, since for scalar fields 
other than Higgs fields used for spontaneous symmetry breaking, there is no 
particle physics motivation for assuming a double well potential, and since the 
inflaton (the field which gives rise to inflation) cannot be a conventional Higgs 
field due to the severe fine tuning constraints. 

Chaotic inflation is a much more radical departure from standard cosmol- 
ogy than old and new inflation. In the latter, the inflationary phase can be 
viewed as a short phase of exponential expansion bounded at both ends by 
phases of radiation domination. In chaotic inflation, a piece of the Universe 
emerges with an inflationary equation of state immediately after the quantum 
gravity (or string) epoch. 

The chaotic, inflationary Universe scenario has been developed in great 
detail (see e.g. ej fcu^ recent review). One important addition is the inclusion 
of stochastic noise EJ in the equation of motion for cp in order to take into 
account the effects of quantum fluctuations. It can in fact be shown that for 
sufficiently large values of \(p\, the stochastic force terms are more important 
than the classical relaxation force V'(ip). There is equal probability for the 
quantum fluctuations to lead to an increase or decrease of \ip\. Hence, in a 
substantial fraction of comoving volume, the field ip will climb up the potential. 
This leads to the conclusion that chaotic inflation is eternal. At all times, a 
large fraction of the physical space will be inflating. Another consequence of 
including stochastic terms is that on large scales (much larger than the present 
Hubble radius), the Universe will look extremely inhomogeneous. 
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1-4 Reheating in Inflationary Cosmology 

Recently, there has been a complete change in our understanding of reheating 
in inflationary cosmology. Reheating is the process of energy transfer between 
the inflaton and matter fields which takes place at the end of inflation. 

According to either new inflation or chaotic inflation, the dynamics of the 
inflaton leads first to a transfer of energy from potential energy of the inflaton 
to kinetic energy. After the period of slow rolling, the inflaton ip begins to 
oscillate about the true minimum of V{(f). Quantum mechanically, the state 
of homogeneous oscillation corresponds to a coherent state. Any coupling of (p 
to other flelds (and even self coupling terms of (p) will lead to a decay of this 
state. This corresponds to particle production. The produced particles will 
be rclativistic, and thus at the conclusion of the reheating period a radiation 
dominated Universe will emerge. 

The key questions are by what mechanism and how fast the decay of the 
coherent state takes place. It is important to determine the temperature of the 
produced particles at the end of the reheating period. The answers are relevant 
to many important questions regarding the post-inflationary evolution. For 
example, it is important to know whether the temperature after reheating 
is high enough to allow GUT baryogenesis and the production of GUT-scale 
topological defects. In supersymmetric models, the answer determines the 
predicted abundance of gravitinos and other moduli fields. 

Reheating is usually studied using simple scalar field toy models. The 
one we will adopt here consists of two real scalar fields, the inflaton (p with 
Lagrangian 

= ^a^^av- Ja(<p'-0' (19) 

interacting with a massless scalar field x representing ordinary matter. The 
interaction Lagrangian is taken to be 

Ci = lgW. (20) 

Self interactions of x are neglected. 
By a change of variables 

^ = ^ + a, (21) 
the interaction Lagrangian can be written as 

jCi = g^a^x^ + \g''(p\^ . (22) 
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During the phase of coherent osciUations, the field (~p oscillates with a frequency 

= = X^l'^a (23) 
(ngj^ting the expansion of the Universe which can be taken into account as 

Elementary Theory of Reheating 

According to the elementary theory of reheating (see e.g. EZl andcj), the 
decay of the inflaton is calculated using first order perturbations theory. Ac- 
cording to the Feynman rules, the decay rate Tg of ip (calculated assuming 
that the cubic coupling term dominates) is given by 

r. = |^. (24) 

The decay leads to a decrease in the amplitude of (p (from now on we will drop 
the tilde sign) which can be approximated by adding an extra damping term 
TB^pto the equation of motion for tp. As long as > Tb, particle production is 
negligible. When H — Tb reheating occurs, i.e. the remaining energy density 
in ip is very quickly transferred to x particles. 

The temperature Tr at the completion of reheating can be estimated by 
computing the temperature of radiation corresponding to the value of H at 
which H = Tb- From the FRW equations it follows that 

Tr ^ (Fsmp/)'/' . (25) 

If we now use the "naturalness" constraint]^ ^ X and the value A ~ 10~^^ 
required if the CMB anisotropics induced by the model are to have their ob- 
served values, it follows that (for a < rupi) 

Tr < 10i"GeV. (26) 

This would imply no GUT baryogenesis, no GUT-scale defect production, and 
no gravitino problems in supersymmetric models with > Tr, where 7713/2 
is the gravitino mass. As we shall see, these conclusions change radically if we 
adopt an improved analysis of reheating. 

Modern Theory of Reheating^ 

As was first realized inE2l, the above analysis misses an essential point. To 
see this, we focus on the equation of motion for the matter field x coupled to 

''At one loop order, the cubic interaction term will contribute to A by an amout A A ~ g^. A 
renormalized value of A smaller than needs to be finely tuned at each order in perturbation 
theory, which is "unnatural" . 
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the inflaton via the interaction Lagrangian Lj of (|22|). Taking into account 
for the moment only the cubic interaction term, the equation of motion for the 
Fourier modes Xk becomes 

Xk + 3i/xfc + (fcp + + = 0, (27) 

where fcp is the time-dependent physical wavenumber. 

Let us for the moment neglect the expansion of the Universe and assume 
the case of narrow resonance {g^cupo < uj'^). In this case, the friction term 
in (|2^) drops out and kp is time- independent, and Equation ( |2^ ) becomes a 
harmonic oscillator equation with a time-dependent mass determined by the 
dynamics of ip. In the reheating phase, ip is undergoing oscillations. Thus, 
the mass in (^7|) is varying periodically. In the mathematics literature, this 
equation is called the Mathieu equation. It is well known that there is an 
iastability. In physics, the effect is known as parametric resonance (see e.g. 
E3). At frequencies ujn corresponding to half integer multiples of the frequency 
UJ of the variation of the mass, i.e. 

ujl = kl + ml ^ i^Lu)' n = l,2,..., (28) 

there are instability bands with widths AtOn- For values of ujk within the 
instability band, the value of Xk increases exponentially: 

Xk - e^* with M^^, (29) 

UJ 

with (fio being the amplitude of the oscillation of (p. Since the widths of the 
instability bands decrease as a power of with increasing n, only the lowest 
instability band is important. Its width is 

Aujk ^ gcj^^\T . (30) 

Note, in particular, that there is no ultraviolet divergence in computing the 
total energy transfer from the <p to the x held due to parametric resonance. 

It is easy to include the effects of the expansion of the Universe (see e.g. 
E3r3'E£l). The main effect is that the value of ujk becomes time-dependent. 
Thus, a mode slowly enters and leaves the resonance bands. As a consequence, 
any mode lies in the resonance band for only a finite time. This implies that 
the calculation of energy transfer is perfectly well-behaved. No infinite time 
divergences arise. 

It is now possible to estimate the rate of energy transfer, whose order of 
magnitude is given by the phase space volume of the lowest instability band 
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multiplied by the rate of growth of the mode function Xk- Using as an initial 
condition for Xk the value Xk ^ H given by the magnitude of the expected 
quantum fluctuations, we obtain 

p ^ fii^fAiUkHe'^'. (31) 

From (|3l| ) it follows that provided that the condition 

fiAt » 1 (32) 

is satisfied, where At < is the time a mode spends in the instability band, 
then the energy transfer will procede fast on the time scale of the expansion of 
the Universe. In this case, there will be explosive particle production, and the 
energy density in matter at the end of reheating will be given by the energy 
density at the end of inflation. 

Working out the time At that a mode remains in the instability band for 
our model, expressing H in terms of (po and rripj, and uj in terms of a, and using 
the naturalness relation g'^ ~ A, the condition for explosive particle production 
becomes 

(33) 

which is satisfied for all chaotic inflation models with a < nipi (recall that 
slow rolling ends when (p ~ mpi and that therefore the initial amplitude (pQ of 
oscillation is of the order nipi). 

We conclude that rather generically, reheating in chaotic inflation models 
will be explosive. This implies that the energy density after reheating will 
be approximately equal to the en£rejz. density at the end of the slow rolling 



period. Therefore, as suggested iuE^IS andL^, respectively, GUT scale defects 
may be produced after reheating and GUT-scale baryogenesis scenarios may 
be realized, provided that the GUT energy scale is lower than the energy scale 
at the end of slow rolling. 

Note, however, that the state of x after parametric resonance is not a 
thermal state. The spectrum consists of high peaks in distinct wave bands. An 
important question which remains to be studi£jd is how this state thprmalizea. 
For some interesting work on this issue see O. As emphasized in Ell and E3, 
the large peaks in the spectrum may lead to symmetry restoration and to the 
dent production of topological defects (for a differing view on this issue see 
j). Since the state^fter explosive particle production is not a thermal state, 
it is useful to foUowo and call this process "preheating" instead of reheating. 

A futher interesting conierjture which emerges from the parametric reso- 
nance analysis of preheating Eao is that the dark matter in the Universe may 
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consist of remnant coherent oscillations of the inflaton field. In fact, it can 
easily be checked from (^3|) that the condition for efficient transfer of energy 
eventually breaks down when (/?o has decreased to a sufficiently small value. 
For the model considered here, an order of magnitude calculation shows that 
the remnant oscillations may well contribute significantly to the present value 

otn. 

Not£i.that the details of the analysis of preheating are quite model-dependent. 
In fact l3, in many models one does not get the kind of "narrow-band" res- 
onance discussed here, but "wide-band" resonance. In this case, the energy 
transfer is even more efficient. 

Xhim;L.ha.a-i|pcciJ.t ly been a lot of work on various aspects of reheating (see 
e.g. E3'E3EjO'Oe3c3 for different approaches). Many important questions, e.g. 
concerning thermalization and back-reaction effects during and after preheat- 
ing (or parametric resonance) remain to be fully analyzed. 



2 Newtonian Theory of Cosmological Perturbations 

2.1 Basic Concepts 

In inflationary Universe (and other particle physics-based) models, small am- 
plitude seed perturbations are generated in the very early Universe. They then 
grow by gravitational instability until the present time. In order to be able to 
make the connection between particle physics and observations, it is important 
to understand the gravitational evolution of fluctuations. This and the follow- 
ing section will summarize the theory of linear cosmological inhomogeneities. 

Both general relativity and quantum mechanics play a fundamental role. 
In inflationary Universe models, quantum effects seed fluctuations, and thus a 
quantum analysis of the generation of fluctuations is essential. However, since 
the initial fluctuations are small, a linearized analysis is sufficient. Scales of 
cosmological interest today were larger than the Hubble radius for a long time 
interval during the early Universe. Hence, Newtonian gravity is inadequate to 
treat these perturbations, and general relativistic effects become essential. 

In this section, after introducing some basic notation, we will summarize 
the main elements of the Newtonian theory of linear fluctuations. The next 
section will survey the full relativistic analysis. 

Gravitational accretion is the mechanism by which small initial pertur- 
bations grow. In a flat space-time background, a density perturbation with 
dp > leads to an excess gravitational attractive force acting on the surround- 
ing matter. This force is proportional to Sp, and will hence lead to exponential 
growth of the perturbation. In an expanding background space-time, the ac- 
celeration is damped by the expansion, which results in power-law increase of 
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5 p. The actual grawlh. rate of inhomogeneities depends on the background 
cosmology (see e.g. cSa for modern reviews). 

Because of our assumption that all perturbations start out with a small 
amplitude, we can linearize the equations for gravitational fluctuations. The 
analysis is then greatly simplified by going to momentum space in which all 
modes 6{k) decouple. 

The "power spectrum" P{k) is defined by 

P{k)^<\5{k)? >, (34) 

where the braces denote an ensemble average. The physical measure of mass 
fluctuations on a length scale A is the r.m.s. mass fluctuation SM/M{X) on 
this scale. It is determined by the power spectrum as follows: 

<|^(A)r>~fc!P(fcA), (35) 

where k\ is the wave number associated with A (seei@ for explicit derivations 
of this relation). 

If P{k) ^ fc" then n is called the index of the power spectruni. For n ~ 1 
we get the so-called Harrison-Zel'dovich scale invariant spectrum c3. 

Inflationary Universe (but also topological defect) models of structure for- 
mation predict a roughly scale invariant spectrum. The distinguishing feature 
of this spectrum is that the r.m.s. mass perturbations are independent of the 
scale k when measured at the time tnik) when the associated wavelength is 
equal to the Hubble radius, i.e., when the scale "enters" the Hubble radius. 
Let us derive this fact for the scales entering during the matter dominated 
epoch. The time tnik) is determined by 

k-^a{tHik))^tH{k) (36) 

which leads to tnik) ^ k~^ . According to the linear theory of cosmologi- 
cal perturbations discussed in the following subsection, the mass fluctuations 
increase as a{t) for t > teq- Hence 

^(.,.,(.))=(^)'''f(fc,t)^ const, (37) 

since the first factor scales (from (^) as k~^ and - using (|35| ) and inserting 
n = 1 - the second as k^. 
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2.2 Newtonian Theory 

The Newtonian theory of cosmological perturbations is an approximate anal- 
ysis which is vahd on wavelengths A much smaller than the Hubble radius t 
and for negligible pressure p, i.e., p <^ p. It is based on expanding the hydro- 
dynamical equations about a homogeneous background solution. 

The starting points are the continuity, Euler and Poisson equations 

P + Yipv) = (38) 
v + {v- V}v ^ -YjP --p^ (39) 

V2(/) 47rGp (40) 

for a fluid with energy density p, pressure p, velocity v_ and Newtonian gravi- 
tational potential 0, writteaiii terms of physical coordinates (i, r). 

After some work (seecjca), these equations can be combined to yield a 
second order differential equation for the fractional density contrast 5 = 5p/ p. 
Introducing comoving coordinates, expanding the above equations about a 
homogeneous background solution and assuming adiabatic perturbations, the 
resulting equation in Fourier space becomes 



5k + 2HSk + - 'iTrGpj 4 = 0. (41) 

where Cs is the speed of sound 

c? = |^, (42) 
dp 

p is the average energy density, and dk stands for S{k). 



Already a quick look at Equation (41) reveals the presence of a distin- 
guished scale for cosmological perturbations, the Jeans length Aj — 2n/kj 
with 

On length scales larger than Aj, the spatial gradient term is negligible, and the 
term linear in S in ( pl| ) acts like a negative mass square quadratic potential 
with damping due to the expansion of the Universe, in agreement with the 
intuitive analysis at the begining of this section. On length scales smaller 
than Aj, however, ( ^l| ) becomes a damped harmonic oscillator equation and 
perturbations on these scales decay. 
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For t > teq and for A ^ Aj, the spatial gradient term in ( |4l| ) can be 
neglected and in this approximation (|4^) has the general solution 

Sk{t) = cit^/^ + C2t-\ (44) 

This demonstrates that for t > t^q and A 3> Aj, the dominant mode of pertur- 
bations increases as a(t), a result we already used in the previous subsection 
(see (13)). 

For A ^ A,/ and t > t^q, the last term on the l.h.s. of ( p] ) is negligible 
and the equation is that of a damped oscillator, i.e. 

4(i) - a-^''^{t)ex:i>{±icsk j dt'a{t')-^} . (45) 

As an important application of the Newtonian theory of cosmological per- 
turbations, let us compare sub-horizon scale fluctuations in a baryon-dominated 
Universe (O = Hb = 1) and in a CDM-dominated Universe with ^Icdm = 0.9 
and $1=1. We consider scales which enter the Hubble radius at about teq- 

In the initial time interval teq < t < tree, the baryons are coupled to the 
photons. Hence, the baryonic fluid has a large pressure pb 

1 , , 

PB ^Pr ^ -^Pr, (46) 

and therefore the speed of sound is relativistic 



\ 1/2 1 / \ 1/2 

Pr \ I Pr ^ 



PraJ \/3 VP 



(47) 



The value of Cs slowly decreases in this time interval, attaining a value of about 
1/10 at tree- From ( ^3|) it follows that the Jeans mass Mj, the mass inside 
a sphere of radius Aj, increases until tree when it reaches its maximal value 

J^rnax 

A-jr 

= Mjitree) - y XjiUeef piUee) ^ lO" (nh^)-'/^ Mq . (48) 

At the time of recombination, the baryons decouple from the radiation 
fluid. Hence, the baryon pressure pb drops abruptly, as does the Jeans length 
(see (^)). The remaining pressure is determined by the temperature and 
thus continues to decrease as t increases. It can be shown that the Jeans mass 
continues to decrease after tree, starting from a value 

Mjitree)^ 10"^ {nh^r^^^MQ (49) 
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(where the superscript "— " indicates the mass immediately after tgq. 

In contrast, CDM has negligible pressure throughout the period t > t^q 
and hence experiences no Jeans damping. A CDM perturbation which enters 
the Hubble radius at tgq with amplitude 6i has an amplitude at tree given by 



CDMf. \ ^ (l{trec) , 

[tree) - , . Oi , (50) 
0'\''eq) 



■'k 



whereas a perturbation with the same scale and initial amplitude in a baryon- 
dominated Universe is damped 

S^^itree)^ ( ^^Y'^' . (51) 



a{teq) 

In order for the perturbations to have the same amplitude today, the initial 
size of the inhomogeneity must be much larger in a BDM-dominated Universe 
than in a CDM-dominated one: 



5r^M^(#4) S^^'^'iteq). (52) 



3/2 

z{trc 

For = 1 and h = 1/2 the enhancement factor is about 30. 

In a CDM-dominated Universe the baryons experience Jeans damping, 
but after tree the baryons quickly fall into the potential wells created by the 
CDM perturbations, and hence the baryon perturbations are proportional to 
the CDM inhomogeneities. 

The above considerations, coupled with information about CMB anisotropics, 
can be used to rule out a model with Q = = 1- The argument goes as 
follows. For adiabatic fluctuations, the amplitude of CMB anisotropies on 
an angular scale d is determined by the value of Sp/p (strictly speaking, the 
relativistic potential $ to be discussed in the following subsection) on the cor- 
responding length scale A(i?) at tgq' 

^(z?) = i^' 
' 3 p 



— W=o-im,te,). (53) 



On scales of clusters we know that (for fl = 1 and h = 1/2) 

(A(l?), teq) Z{teq)-^ ^ 10-4 , (54) 



5p\ 

p J 



CDM 



using the fact that today on cluster scales Sp/p ~ 1. The bounds on ST/T on 
small angular scales are 

^(^)«10-\ (55) 
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consistent with the predictions for a CDM model, but inconsistent with those 
ofaf2 = f2B = l model, according to which we would expect anisotropics of 
the order of 10~^. This is yet another argument in support of the existence of 
nonbaryonic dark matter. 

Two further important aspects of the Newtonian theory of cosmological 
perturbations which were covecjed-in my lectures but which are omitted here 
due to lack of space (see e.g. c3a for recent reviews) are the growth of mat- 
ter fluctuations before t^q (they grow only logarithmically in time), and the 
suppression of hot dark matter inhomogeneities due to free streaming. 

3 Relativistic Theory of Cosmological Perturbations 

3.1 Classical Analysis 

On scales larger than the Hubble radius (A > t) the Newtonian theory of 
cosmological perturbations obviously is inapplicable, and a general relativistic 
analysis is needed. On these scales, matter is essentially frozen in comoving 
coordinates. However, space-time fluctuations can still increase in amplitude. 

In principle, it is straightforward to work out the general relativistic theory 
of linear fluctuations H We linearize the Einstein equations 

G^, - SttGT^, (56) 

(where G^^ is the Einstein tensor associated with the space-time metric g^^, 
and T^n is the energy-momentum tensor of matter) about an expanding FRW 

background {g^^} , t/s^^^): 

5m. (2, = gf}{t) + h^,,{x,t) (57) 
^{x,t) = ^^°\t) + 5^{x,t) (58) 

and pick out the terms linear in hp,i, and Sip to obtain 

5G^, - ^nG5T^, . (59) 

In the above, /i^i/ is the perturbation in the metric and 5lp is the fluctuation 
of the matter fleld ip. We have denoted all matter flelds collectively by ip. 

In practice, there are many complications which_make this analysis highly 
nontrivial. The flrst problem is "gauge invariance" Cj Imagine starting with a 
homogeneous FRW cosmology and introducing new coordinates which mix x 
and t. In terms of the new coordinates, the metric now looks inhomogeneous. 
The inhomogeneous piece of the metric, however, must be a pure coordinate 
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(or "gauge") artefact. Thus, when analyzing relativistic perturbations, care 
must be taken to factor out effects due to coordinate transformations. 

There are various methods of deahng with gauge artefacts. The simplest 
and most physical approach is to focus on gauge invariant variables, i.e., com- 
binations of the metric and matter perturbations which are invariant under 
linear coordinate transformations. 

The gauge invariant theory of cosmological perturbations is in principle 
straightforward, although technically rather tedimis. In the following I will 
summarize the maiiLSteps and refer the reader toEHl for tiifi_delm|j3_a.pd_£iulhcr 
references (see also0 for a pedagogical introduction andoH'oHSQEio for 
other approaches). 

We consider perturbations about a spatially flat Friedmann-Robertson- 
Walker metric 

ds^ = a^{T]){dr)^ -dx^) (60) 

where rj is conformal tim|e_(related to cosmic time t by a{ri)d7j = dt). A scalar 
metric perturbation (sceL3 for a precise definition) can be written in terms of 
four free functions of space and time: 

Scalar metric perturbations are the only perturbations which couple to energy 
density and pressure. 

The next step is to consider infinitesimal coordinate transformations which 
preserve the scalar nature of Sgf^u , and to calculate the induced transformations 
of i/i, B and E. Then we find invariant combinations to linear order. (Note 
that there are in general no combinations which are invariant to all orders Ej.) 
After some algebra, it follows that 

$ ^ <j) + a-^[{B - E')a]' (62) 

4- = ^--[B-E') (63) 
a 

are two invariant combinations (a prime denotes differentiation with respect 

Perhaps the simplest wayEJ to derive the equations of motion for gauge 
invariant variables is to consider the linearized Einstein equations ( |59| ) and to 
write them out in the longitudinal gauge defined by _B = = 0, in which 
$ = (/) and '5 — '01 to directly obtain gauge invariant equations. 

For several types of matter, in particular for scalar field matter, 5Tj ~ (5* 
which implies $ = Hence, the scalar-type cosmological perturbations can 



19 



in this case be described, ^p^^^jngle gauge invariant variable. The equation of 
motion takes the forml! 



,63 



2 



where 



e-O(A) (64) 



The variable w — p/p (with p and p background pressure and energy 
density respectively) is a measure of the background equation of state. In 



particular, on scales larger than the Hubble radius, the right hand side of (64) 
is negligible, and hence ^ is constant. 

If the equation of state of matter is constant, i.e., w — const, then ^ = 
implies that the relativistic potential is time-independent on scales larger than 
the Hubble radius, i.e. $(t) = const. During a transition from an initial phase 
with w = Wi to a phase with w — Wf, ^ changes. In many cases, a good 



approximation to the dynamics given by (64) is 



T^(^.) = T— (i/), (66) 
1 + w 1 + w 

In order to make contact with matter perturbations and Newtonian intu- 
ition, it is important to remark that, as a consequence of the Einstein constraint 
equations, at Hubble radius crossing <& is a measure of the fractional density 
fluctuations: 

<^{k,tH{k)) ^^{k,tH{k)). (67) 

P 



3.2 Quantum Analysis 

As mentioned earlier, the primordial fluctuations in an inflationary cosmology 
are generated by quantum fluctuations. What follows is a very brief description 
of the unifled analysis of the quantum generation and evolution of perturba- 
tions in an inflationary Universe (for a detailed review seeLiJ). The basic point 
is that at the linearized level, the equations describing both gravitational and 
matter perturbations can be quantized in a consistent way. The use of gauge 
invariant variables makes the analysis both physically clear and computation- 
ally simple. 

The first step of this analysis is to consider the action for the linear pertur- 
bations in a background homogeneous and isotropic Universe, and to express 
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the result in terms of gauge invariant variables describing the fluctuations. Fo- 
cusing on the scalar perturbations, it turns out that, after a lot of algebra, the 
action reduces to the ^tian of a single gauge invariant free scalar field with a 
time dependent massl£j'E3 (the time dependence reflects the expansion of the 
background space-time). This result is not surprising. Based on the study 
of classical cosmological perturbations, we know that there is only one fleld 
degree of freedom for the scalar perturbations. Since at the linearized level 
there are no mode interactions, the action for this field must be that of a free 
scalar field. 

The action thus has the same form as the action for a free scalar matter 
field in a time dependent gravitational or electromagnetic ba|Ckground, and we 
can use standard methods to quantize this theory (see e.g. Ell). If we employ 
canonical quantization, then the mode functions of the field operator obey 
the same classical equations as we derived in the gauge-invariant analysis of 
relativistic perturbations. 

The time dependence of the mass is reflected in the nontrivial form of the 
solutions of the mode equations. The mode equations have growing modes 
which correspond to particle production or equivalently to the generation and 
amplification of fluctuations. We can start the system off (e.g. at the beginning 
of inflation) in the vacuum state (defined as a state with no particles with 
respect to a local comoving observer). The state defined this way will not 
be the vacuum state from the point of view of an observer at a later time. 
The Bogoliubov mode mixing technique can be used to calculate the number 
density of particles at a later time. In particular, expectation values of field 
operators such as the power spectrum can be computed. 

The resulting power spectrum gives the following result for the mass per- 
turbations at time ti{k): 



(68) 



If the background scalar field is rolling slowly, then 

V'[MU{m^iH\^a{U{k))\. (69) 

and 

{l+p/p){U{k)) c poVo(i.(fc))- (70) 



Combining (66), (M), (M) and (fm) and we get 



" |9io(i.(fc))| ^ ^ 
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This result can now be evaluated for specific models of inflation to find the 
conditions on the particle physics parameters which give a value 

^(fc,t/(fc))^10-'^ (72) 

which is required if quantum fluctuations from inflation are to provide the 
seeds for galaxy formation and agree with the CMB anisotropy limits. 
For chaotic inflation with a potential 

V{^) = imV' , (73) 
we can solve the slow rolling equations for the inflaton to obtain 

^,M,W)~10^ (74) 

which implies that m ^ 10^'^ GeV to agree with @j. 
Similarly, for a quartic potential 

V{^) = (75) 

we obtain 

^(fc,t/(fc))-^10-Ai/^ (76) 
which requires A < 10^^^ in order not to conflict with observations. 



The conditions (74) and ( |7q ) require the presence of small parameters in 
the particle physics model. It has been shown quite generally Ea that small 
parameters are required if inflation is to solve the fluctuation problem. 

To summarize the main results of the analysis of density fluctuations in 
inflationary cosmology: 

1. Quantum vacuum fluctuations in the de Sitter phase of an inflationary 
Universe are the source of perturbations. 

2. As a consequence of the change in the background equation of state, the 
evolution outside the Hubble radius produces a large amplification of the 
perturbations. In fact, unless the particle physics model contains very 
small coupling constants, the predicted fiuctuations are in excess of those 
allowed by the bounds on cosmic microwave anisotropics. 

3. The quantum generation and classical evolution of fluctuations can be 
treated in a unified manner. The formalism is no more complicated that 
the study of a free scalar field in a time dependent background. 
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4. Inflationary Universe models generically produce an approximately scale 
invariant Harrison-Zel'dovich spectrum 

~ const. (77) 

It is not hard to construct models which give a different spectrum. All 
that is required is a significant change in H during the period of inflation. 

4 Problems of Inflation 

In spite of its great success at resolving some of the problems of standard 
cosmology and at providing a causal, predictive theory of structure formation, 
there are several important unresolved conceptual problems in inflationary 
cosmology. In the following, I will single out four major problems and mention 
a couple of new ideas which may help solve some of these issues. 

^.1 A Partial List of Conceptual Problems 

Fluctuation Problem: A generic problem for all realizations of inflation stud- 
ied up to now concerns the amplitude of the density perturbations which are 
iaduced by quantum fluctuations during the period of exponential expansion 
e3c3. From the amplitude of CMB anisotropics measured by COBE, and from 
the present amplitude of density inhomogeneities on scales of clusters of galax- 
ies, it follows that the amplitude of the mass fluctuations 5M /M on a length 
scale given by the comoving wavenumber k at the time tnik) when that scale 
crosses the Hubble radius in the FRW period is of the order 10~^. However, 
as was discussed in detail in the previous section, the present realizations of 
inflation based on scalar quantum field matter generically 123 predict a much 
larger value of these fluctuations, unless a parameter in the scalar field poten- 
tial takes on a very small value. There have been many attempts to justify 
such small parameters based on specific particle physics models, but no single 
convincing model has emerged. 

Super-Planck Scale Problem: In many models of chaotic inflation, the pe- 
riod of inflation is so long that comoving scales of cosmological interest today 
corresponded to a physical wave number way in excess of the Planck scale 
at the beginning of inflation. In extrapolating the evolution of cosmologi- 
cal perturbations according to linear theory to these very early times, we are 
implicitly making the assumption that the theory remains perturbative to arbi- 
trarily high energies. If there were completely new physics at the Planck scale, 
the predictions might change. A similar concern about black hole Hawking 
radiation has been raised inL2l. 
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C'osmological Constant Problem: Since the cosmological constant acts as 
an effective energy density, its value is bounded from above by the present 
energy density of the Universe. In Planck units, the constraint on the effective 
cosmological constant Aeff is (see e.g. O) 

^< 10-122. (78) 

This constraint applies both to the bare cosmological constant and to any 
matter contribution which acts as an effective cosmological constant. 

The true vacuum value of the potential V{(f) acts as an effective cosmolog- 
ical constant. Its value is not constrained by any particle physics requirements 
(in the absence of special symmetries) . The cosmological constant problem is 
thus even more accute in inflationary cosmology than it usually is. The same 
unknown mechanism which must act to shift the potential such that inflation 
occurs in the false vacuum must also adjust the potential to vanish in the true 
vacuum. Supersymmetric theories may provide a resolution of this problem, 
since unbroken supersymmetry forces V{(p) = in the supersymmetric vac- 
uum. However, supersymmetry breaking will induce a nonvanishing V{(p) in 
the true vacuum after supersymmetry breaking. 

Singularity Problem: Scalar field-driven inflation does not eliminate singu- 
larities from cosmology. Although the standard assumptions of the Penrose- 
Hawking theorems break down if matter has an equation of state with negative 
pressure, as is the case during inflation, nevertheless_i.t can be shown that an 
initial singularity persists in inflationary cosmologylI3. One way to interpret 
this result is that the theory is still incomplete and lacking an important in- 
gredient. 

A possible way to find solutions to some of the above problems is to look 
for realizations of inflation which_.do not make use of scalar fields. One such 
alternate way to obtaixL inflationllS is by replacing the fundamental scalar field 
by a condensate (seeo andllj for different approaches to this problem). An 
advantage in following this route to inflation is that the symmetry breaking 
mechanisms observed in nature (in condensed matter systems) are induced by 
the formation of condensates such as Cooper pairs. In a condensate model the 
energy function is determined by the confining dynamics. The situation with 
respect to the cosmological constant problem is therefore improved. However, 
the bare (classical-level) cosmological constant problem still persists. The main 
problem of studying the possibility of obtaining inflation using condensates is 
that the quantum effects which determine the theory are highly nonpertur- 
bative. In particular, the effective potential written in terms of a cpndensate 
does not correspond to a renormalizable theory and will in general contain 
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terms of arbitrary power of the condensate. However (seeO), one may make 
progress by assuming certain general properties of the effective potcntiaL In 
L3 it was demonstrated that it is in principle possible to obtain inflation from 
condensates. 

Another way to obtain inflation is by making use of higher derivative 
gravity theories. In fact, the first model with exponential expansion of the 
Universe was obtainedLD in an i?^ gravity theory. The extra degrees of freedom 
associated with the higher derivative terms act as scalar fields with a potential 
which automatically vanishes in the true vacuum. In this context, it is also 
possible to consider the possibility of obtaining a nonsingular cosmology. 



4-. 2 Inflation and Nonsingular Cosmology 

The question we wish to address in this subsection is whether it is possible to 
construct a class of effective actions for gravity which have improved singular- 
ity properties and which predict inflation, with the constraint that they give 
the correct low curvature limit. Since Planck scale physics will generate correc- 
tions to the Einstein action, it is quite reasonable to consider higher derivative 
gravity models. 

What follows is a summary of recent workEl in which an effective action 
for gravity in which all solutions with sufficient symmetry are nonsingular was 
proposed. The theory is a higher derivative modification of the Einstein action, 
and is obtained by a constructive procedure well motivated in analogy with 
the analysis of point particle motion in special relativity. The resulting theory 
is asymptotically free in a sense which will be specified below. 

The goal is to construct a theory with the property that the metric g^^^ 
approaches the de Sitter metric gj^^ , a metric with maximal symmetry which 
admits a geodesically complete and nonsingular extension, as the curvature R 
approaches the Planck value Rpi. Here, R stands for any curvature invariant. 
Naturally, from classical considerations, Rpi is a free parameter. However, if 
the theory is connected with Planck scale physics, Rpi will be given by the 
Planck (or string) scale. 

The construction has some very appealing consequences. Consider, for ex- 
ample, a collapsing spatially homogeneous Universe. According to Einstein's 
theory, this Universe will collapse in finite proper time to a final "big crunch" 
singularity. In the new theory, however, the Universe will approach a de Sitter 
model as the curvature increases. If the Universe is closed, there will be a 
de Sitter bounce followed by re-expansion. Similarly, spherically symmetric 
vacuum solutions would be nonsingular, i.e., black holes would have no sin- 
gularities in their centers. Outside and even slightly inside the horizon, the 
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structure of a large black hole would be unchanged compared to what is pre- 
dicted by Einstein's theory, since all curvature invariants are small in those 
regions. However, for r —> (where r is the radial Schwarzschild coordinate), 
the solution changes and approaches a de Sitter solution. This would have 
interesting consequences for the black hole information loss problem. 

To motivate the effective action for a nonsingular cosmology, we turn to an 
analogy, point particle motion in the theory of special relativity. The transition 
from the Newtonian theory of point particle motion to the special relativistic 
theory transforms a theory with no bound on the velocity into one in which 
there is a limiting velocity, the speed of light c (in theJpUowing we use units 
in which h = c = 1). This transition can be obtained Ea by starting with the 
action of a point particle with world line x(t): 

5oid = Jdt^x\ (79) 

introducing @ a Lagrange multiplier field ip which couples to , the quantity 
to be made finite, and which has a potential V{ip). The new action is 



dt 



(80) 



From the constraint equation 



it follows that x^ is limited provided V{(p) increases no faster than linearly in 
ip for large \ip\. The small (p asymptotics of V{ip) is determined by demanding 
that at low velocities the correct Newtonian limit results: 

V{cp) ^ ifi^ as \cp\^0, (82) 
V{ip) ^ (fi as \ip\ ^ oo . (83) 

Choosing the simple interpolating potential 

n¥') = T^, (84) 

the Lagrange multiplier can be integrated out, resulting in the well-known 
action 

^now ^11 dtVl - x^ (85) 
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for point particle motion in special relativity. _ 

The procedure for obtaining a nonsingular Universe theory l3 is based on 
generalizing the above Lagrange multiplier construction to gravity. Starting 
from the Einstein action, we can introduce a Lagrange multiplier 93 coupled 
to a curvature invariant l2{gnv) which has the property that it only vanishes 
for de Sitter metrics. The potential for Lp is chosen such that for small \ the 
equations of general relativity are recovered, but such that for large \tf\, I2 is 
driven to zero (i.e. the metric becomes de Sitter). The new action is 



For metrics with special symmetries (including cosmological and Schwarschild 
space-times) it is possible to find an invariant I2 which satisfies the criteria. 
I2 is a combination of quadratic curvatuce .invariants. For a detailed analysis 
of this model, the reader is referred toL3cJ. In these papers it is shown that 
all homogeneous and isotropic solutions are nonsingular. It can also be shown 
that the two-dimensional Schwarzschild black hole is nonsingular Ell. 

By construction, all solutions are de Sitter at high curvature. Thus, the 
theories automatically have a period of inflation (driven by the gravity sector 
in analogy to Starobinsky inflationEZI) in the early Universe. A very important 
property of these theories is asymptotic freedom. This means that the coupling 
between matter and gravity goes to zero at high curvature, and might lead to 
an automatic suppression mechanism for scalar fluctuations. 

4.3 Inflation and Gravitational Back- Reaction 

It has been discovered @ that in an inflationary Universe, the back-reaction 
of long wavelength cosmological fluctuations acts as a negative cosmological 
constant. This effect may lead to a dynamical relaxation of the effective cos- 
mological constant, as was also proposed by Tsamis and Woodard e2I (who 
considered infrared quantum effects of gravitational waves) . 

Gravitational back-reaction of cosmological perturbations concerns itself 
with the evolution of space-times which consist of small fluctuations about 
a symmetric Fricdmann- Robertson- Walker space-time with metric g^*?. The 
goal is to study the evolution of spatial averages of observables in the per- 
turbed space-time. In linear theory, such averaged quantities evolve like the 
corresponding variables in the background space-time. However, beyond lin- 
ear theory perturbations have an effect on the averaged quantities. In the case 
of gravitational waves, this effect is well-known Ej: gravitational waves carry 
energy and momentum which effects the background in which they propagate. 
Here, we shall focus on scalar metric perturbations. 




(86) 
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The analysis of gravita-tional back-reactionE3 is related to early work by 
Brill, Hartle and Isaacsona, among others. The idea is to expand the Einstein 
equations to second order in the perturbations, to assume that the first order 
lerms satisfy the equations of motion for linearized cosmological perturbations 
E3 (hence these terms cancel), to take the spatial average of the remaining 
terms, and to regard the resulting equations as equations for a new homoge- 
neous metric g^^J'^^ which includes the effect of the perturbations to quadratic 
order: 

0,^9%"^^) = 8^g[t(«)+t,.] (87) 

where the effective energy- momentum tensor t^^ of gravitational back-reaction 
contains the terms resulting from spatial averaging of the second order metric 
and matter perturbations: 

r -<r(2) J— (7(2) > 

where pointed brackets stand for spatial averaging, and the superscripts indi- 
cate the order in perturbations. 

As formulated in (^^ and (|8|), the back-reaction problem is not indepen- 
dent of the coordinatization of space-time and hence is not well defined. It 
is possible to take a homogeneous and isotropic space-time, choose different 
coordinates, and obtain a nonvanishing t^^. This "gauge" problem is related 
to the fact that in the above prescription, the hypersurface over which the 
average is taken depends on the choice of coordinates. 

The key to resolving the gauge problem is to realize that to second order in 
perturbations, the background variables change. A gauge independent form of 
the back-reaction equation ( p7| ) can hence be derivedEJ by defining background 
and perturbation variables Q — Q^'^'^ + SQ which do not change under linear 
coordinate transformations. Here, Q represents collectively both metric and 
matter variables. The gauge-invariant form of the back-reaction equation then 
looks formally identical to (^), except that all variables are replaced by the 
corresponding gauge-invariant ones. We will follow the notation ofE^I, and use 
as gauge-invariant perturbation variables the Bardeen potentials e3 $ and 5* 
which in longitudinal gauge coincide with the actual metric perturbations (5.g^t,y. 
Calculations hence simplify greatly if we work directly in longitudinal gauge. 

In l£3, the effective energy-momentum tensor r^jy of gravitational back- 
reaction was evaluated for long wavelength fluctuations in an inflationary Uni- 
verse in which the matter responsible for inflation is a scalar field ip with the 
potential 

V{v) = imV' . (89) 
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Since in this model there is no jUiiisotropic stress, the perturbed metric in 
longitudinal gauge can be writtenE^ in terms of a single gravitational potential 

ds^ = (1 + 2(f>)dt^ - a{if{l - 2(j))S,jdx'dx^ , (90) 
where a{t) is the cosmological scale factor. 

(2) (2) 

It is now straightforward to compute G^^. and Tp^i, in terms of the back- 
ground fields and the metric and matter fluctuations (f) and Sip, By taking 



averages and making use of (88), the effective energy-momentum tensor r^^ 
can be computed Ej. 

The general expressions for the effective energy density p^^^ = Tq and 
effective pressure p^^^ = — ^t* involve many terms. However, they greatly 
simplify if we consider perturbations with wavelength greater than the Hubble 
radius. In this case, all terms involving spatial gradients^^e negligible. From 
the theory of linear cosmological perturbations (see e.g. l£d) it follows that on 
scales larger than the Hubble radius the time derivative of </> is also negligible as 
long as the equation of state of the background does not change. The Einstein 
constraint equations relate the two perturbation variables 4> and Sip, enabling 
scalar metric and matter fluctuations to be described in terms of a single 
gauge-invariant potential (j). During the slow-rolling period of the inflationary 
Universe, the constraint equation takes on a very simple form and implies that 
(j) and Sip are proportional. The upshot of these considerations is that r^i^ is 
proportional to the two point function < (jp >, with a coefficient tensor which 
depends, on the background dynamics. In the slow-rolling approximation we 
obtainH 

p(2) ^ _4Y < ^2 (-g^^ 

and 

^ _p(2) . (92) 

This demonstrates that the effective energy- momentum tensor of long- wavelength 
cosmological perturbations has the same form as a negative cosmological con- 
stant. 
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